Abstract. A thick hollow cylinder with finite length made of twodimensional functionally graded material (2D-FGM) is considered and its natural modes are determined, based on great importance of mode shapes information in order to understand vibration behaviour of structures. Three dimensional theory of elasticity implemented for problem formulation, since mode shapes of a thick cylinder are three dimensional even with axisymmetric conditions. The axisymmetric conditions are assumed for the 2D-FGM cylinder. The material properties of the cylinder are varied in the radial and axial directions, with power law functions. Effects of volume fraction distribution on the different types of symmetric mode shapes configuration and vibration behaviour of a simply supported cylinder are analyzed. Three dimensional equations of motion are used and the eigen value problem is developed, based on direct variation method.
Introduction
Recently, the composition of several different materials is often used in structural components, in order to optimize the responses of structures, subjected to severe loadings. The transition between different materials is performed gradually for reducing the local stress concentrations induced by abrupt transitions in material properties. This idea leads to the concept of functionally graded materials (FGMs) [1] . The mechanical properties of FGMs vary continuously between several different materials. Most of researches in this area are concerned with the thermo-elastic and residual stress analysis. In many applications of these materials, the vibration characteristics are of a great importance in addition to stress considerations. The vibration of FGM cylindrical structures has been studied by a number of researchers. Different studies on the vibration of cylindrical shells produced of a FGM, based on Love's and some other classical shell theories, have been performed and usually Rayleigh-Ritz and finite element methods, used for solving governing equations [2] [3] [4] [5] . All of the previous discussed papers are focused on cylindrical shells, using the classical equations of thin shell theories, while the vibration behaviour of a thick walled cylinder is of considerable engineering importance. Very little studies have been revealed for thick hollow circular cylinders. They require a 3-D analysis, which is based on the theory of elasticity. As a result, in the literatures, the study of free vibrations of thick circular cylinders using three-dimensional theory of elasticity is relatively scarce in comparison to the study of thin shells, using other shell theories. Studies on shells, based on three-dimensional theory of elasticity, have been presented by some researchers for infinitely long cylindrical shells [6] [7] [8] [9] . For finite-length thick cylindrical shells, different methods, such as finite element method, series solution, the Ritz energy method are used by some researchers for both solid and hollow homogeneous cases [10] [11] [12] [13] .
Most of the referred studies considered ways of determining the frequencies of cylinders. Few of the authors give a description of the mode shapes of the thick cylinders. While mode shapes are also very important sources of information for understanding and controlling the vibration of a structure [16] . Singal and Williams [14] [15] combined experimental results with a Ritz energy method of analysis to compare frequencies for free-free cylinders. They gave a description for the mode shapes of thick-walled hollow cylinders and rings. Singhal et al. [16] presented theoretical and experimental modal analysis by using a thick-walled circular cylinder model to obtain its natural frequencies and mode shapes. On the other hand, in the previous discussed literature, vibration analysis of moderately thick-walled hollow cylinders are limited to isotropic and laminated cylinders and functionally graded thick hollow cylinders with finite length, were not seen in the literatures. Also, the functionally graded cylindrical shells considered are using thin shell theories. So, investigation of functionally graded thick hollow cylinder can be of a great importance. Also, in all of the discussed cases the variation of volume fraction and properties of the FGMs are one-dimensional and properties vary continuously from inner surface to the outer one with a prescribed function. But, conventional function-ally graded material may also not be so effective in some design problems since all outer or inner surfaces will have the same composition distribution, while in advanced machine elements, load distribution may change in two or three directions [17] . Therefore, more effective material resistance can be obtained, if the FGM has two-dimensional dependent material properties. Based on this fact, a two-dimensional FGM, whose material properties are bi-directionally dependent, is introduced. Recently, a few authors have investigated 2D-FGM especially its stress analysis [18] [19] [20] [21] .
The author also has investigated the natural frequencies of a thick hollow cylinder with finite length made of 2D-FGM [22] . The influence of constituent volume fractions on natural frequencies was studied by varying the volume fractions of the constituent metals and ceramics. Furthermore, the effects of length and thickness of the cylinder on the fundamental natural frequency were considered in different types of 2D-FGM cylinder. So far, investigation of mode shapes configuration of FGM thick finite cylinder has not be considered in previous studies. So, in order to extend the previous studies and investigating mode shape configuration of FGM thick hollow cylinder in this study, the free vibration analysis and all types of mode shapes of a thick hollow cylinder with finite length, made of 2D-FGM, on the basis of three-dimensional theory of elasticity is considered. The material properties of the cylinder are varied in the radial and axial directions with power law functions. Effects of volume fraction distribution and FGM configuration on the natural frequencies and three dimensional mode shapes of a simply supported functionally graded thick hollow cylinder are analyzed. The influence of constituent volume fractions is studied by varying the volume fractions of the constituent metals and ceramics. A functionally graded cylinder with two-dimensional gradation of distribution profile has been investigated, as well as the one-dimensional gradation of material distribution. Three dimensional equations of motion are used and the eigen value problem is developed based on Rayleigh-Ritz variation method and all axisymmetric and non-axisymmetric mode shapes are considered. Finite element method with graded material characteristics, within each element of the structure, is used for solution. Using conventional finite element formulations such that the property field is constant within an individual element for dynamic problems leads to significant discontinuities and inaccuracies [23] . These inaccuracies will be more significant in 2-D FGM cases. On the other hand, by using graded finite element in which the material property field is graded continuously through the elements, accuracy can be improved without refining the mesh size [24] [25] . Based on these facts, the graded finite element developed by the author [26] , is used for present problem modelling.
Problem formulation
In this section, volume fraction distributions in the two radial and axial directions are introduced. The 3D governing equations of motion in cylindrical coordinates are obtained and graded finite element is used for modelling the non-homogeneity of the material.
Volume fraction and material distribution in 2D-FGM cylinder
In the conventional one dimensional functionally graded cylinder, the cylinder's material is graded through the radial direction. Significant advances in fabrication and processing techniques have made it possible to produce FGMs, using processes that allow FGMs with complex properties and shapes, including two-and three-dimensional gradients, using computer-aided manufacturing techniques. 2D-FGMs are usually made by continuous gradation of three or four distinct material phases, that one or two of them are ceramics and the others are metal alloy phases. The volume fractions of the constituents vary in a predetermined composition profile. Now we consider the volume fractions of 2D-FGM at any arbitrary point in the axisymmetric cylinder of internal radius r i , external radius r o , and finite length L shown in Fig. 1 . In the present cylinder, the inner surface is produced of two distinct ceramics and the outer surface from two metals. c1, c2, m1 and m2 denote first ceramic, second ceramic, first metal and second metal, respectively.
The function of volume fraction distribution of each material can be explained, as in [22] :
where n r and n z are non-zero parameters, that represent the basic constituent distributions in r and z directions. Material properties at each point can be obtained by using the linear rule of mixtures, in which a material property, P, at any arbitrary point (r, z) in the 2D-FGM cylinder is determined by linear combination of volume fractions and material properties of the basic materials, as in [22] :
The basic constituents of the 2D-FGM cylinder are presented in Table 1 . It should be noted, that Poisson's ratio is assumed to be constant through the body. This assumption is reasonable, because of the small differences between the basic materials Poisson's ratios.
Governing equations
We consider a 2D-FGM thick hollow cylinder of internal radius, r i external radius r o , and finite length L. Coordinates r, z and θ are used in the analysis. Neglecting body forces, the Equations of motion in cylindrical coordinates are obtained, as:
where u, v and w are radial, circumferential and axial components of displacement, respectively, those are functions of (r, z, θ, t) and ρ(r, z) is the mass density, that depends on r and z coordinates. The constitutive equations for FGM are written as:
where the stress and strain components and the coefficients of elasticity are:
where ν denotes the Poison's ratio, which is uniform through the cylinder and E(r, z) is Young's modulus, that depends on r and z coordinates. The straindisplacement Equations are:
The cylinder is simply supported on its two end edges. So, mechanical boundary conditions on upper and lower edges are assumed as: (9) v(r, 0, θ, t) = v(r, L, θ, t) = w(r, 0, θ, t) = w(r, L, θ, t) = 0.
A solution that satisfies the circumferential displacement and defines a circular frequency is [27] :
where m is the circumferential wave number and ω is the circular frequency. Also, considering the circumferential symmetry of the cylinder about the coordinate θ, the displacement amplitude functions can be written as ψ 1 (r, z), ψ 2 (r, z) and ψ 3 (r, z). It is obvious that m = 0 means the axisymmetric vibration. Certain specified uniform boundary conditions, along the two ends, can be satisfied by choosing the displacement amplitude functions properly.
Graded finite element modelling
The finite element method with graded element properties is used, in order to solve the governing equations. For this purpose, the variation formulation is considered. In conventional finite element formulations a predetermined set of material properties are used for each element, such that the property field is constant within an individual element. For modelling a continuously non-homogeneous material, the material property function must be discretized according to the size of elements mesh. This approximation can provide significant discontinuities. In addition, variation of material properties in two directions, such as the present problem, makes this effect more considerable. Based on these facts, the graded finite element is strongly preferable for modelling of the present problem.
The Hamilton's principle for the present problem is:
where Π and T are potential and kinetic energy, respectively. These functions and their variations are:
where V denotes the area and volume of the domain under consideration. Substituting Eqs. (12)- (13) in Hamilton's principle and applying side conditions, δu(t 1 ) = δu(t 2 ) = δv(t 1 ) = δv(t 2 ) = δw(t 1 ) = δw(t 2 ) = 0, by part integration we have:
Four node tetrahedral element is are used to discrete the domain. By taking the nodal values of u, v and w as the degrees of freedom, a linear displacement model can be assumed, as:
where [N ] is the matrix of assumed shape functions and satisfy certain specified boundary conditions and {Q e 0 } is the nodal displacement vector of element. The cylinder will be divided into some brick-like subdivisions in radial, axial and circumferential directions and making tetrahedral mesh, through the use of brick subdivisions. In this case, 10*10*12 brick subdivisions are produced, that lead to 2400 number of elements including 4356 degrees of freedom.
Using Eqs. (15) we can write:
where components of matrix [B] are as: 
It follows, that matrix [B]
will have three additional columns for each node of the element. Applying Hamilton's principle for each element and substituting Equations (4) and (17), it can be achieved as:
where V e is the volume of element. In graded finite element, the interpolation function for the displacements within the elements and strain-displacement relations are the same as standard conventional finite element, as explained in Eqs. (17) . In this way, the constitutive relation is:
where the components of [D(r, z)] could be explicit functions, describing the actual material property gradient in which E(r, z) is determined at each point through the element using distribution function of this property, based on rule of mixtures as:
Also, the mass density ρ(r, z) is, in general, a function of position, as well as the mechanical properties. Therefore, in the graded finite element, the mass density distribution should be assigned into the element formulation as:
Since δ {Q e } is the variation displacement of the nodal points and is arbitrary, it can be omitted from Eq. (18), and then this equation can be written as:
where the characteristic matrices are given as:
The integral must be taken over the elements' volume considering Eqs. (32) and (33), for finding the components of characteristic matrices. As [D(r, z)] and ρ(r, z) are not constant, these matrices are evaluated by numerical integration for each element. The integration calculated is using four Gaussian points. Now, by assembling the element matrices, the global matrix equation for the structure can be obtained as: (24) [M ]
..
Once, the finite element equations are established, substituting Q = Q 0 e iωt into Eq. (24) will result in an eigen value equation, that can be solved using standard eigen value extraction procedures.
To get a better illustration of the mode shapes, the numerical results of the displacements relate to each eigen value on each node were transferred into the proper coordinate system and the radial, tangential, and longitudinal directions of the nodes were determined.
Numerical results and discussion
To verify the present solution, as similar works to the present work are few, a finite length homogeneous thick cylinder, that can be found with the existing literature is used. A finite element model for axisymmetric elasticity is formulated directly in the cylindrical coordinates to study the vibration of hollow, isotropic and homogeneous finite length cylinders and frequencies are computed for free-free end boundary conditions in the reference [27] and compared with the reference [13] . For solving the mentioned problem by graded finite element method developed here, we consider a thick hollow cylinder with freely supported end conditions in which the material distribution is uniform. Therefore, the volume fraction exponent and property coefficients in the 2D-FGM are taken as:n z = 0, n r = 0, P c1 = P c2 = P m1 = P m2 = P , where P is single a uniform material properties of the cylinder. Comparison of the results for this case in Table 2 shows good agreement between two methods, again.
A thick hollow cylinder of inner radius r i = 0.5 m, outer radius r o = 1 m and length L = 2 m is considered. Effects of volume fraction distribution on the natural frequencies and mode shapes configuration of a simply supported functionally graded thick hollow cylinder are analyzed. The influence of constituent volume fractions are studied by varying the volume fractions of the constituent metals and ceramics. A functionally graded cylinder with twodimensional gradation of distribution profile has been investigated as well as the case, where the axial power law exponent is assumed to be zero, i.e., n z = 0, and the results of one-dimensional gradation of material distribution can be obtained in the hollow cylinder. The basic materials are as well explained in the Table 2 . Dimensionless frequencies Φ = (ωH/π) ρ/G of axisymmetric vibration for freely supported isotropic cylinders (m = 0, previous section. Constituent materials are two distinct ceramics and two distinct metals described in Table 1 and Poison ratio ν = 0.3. Volume fractions of materials are distributed according to Eqs. (1a − d). Vibration characteristics of cylinder for some different powers of material composition profile n r and n z are presented and compared. Dimensionless frequency parameter is assumed as Ω = (r o ω) ρ/G. The longitudinal and radial modes are uncoupled from pure torsion modes, when the circumferential wave number is taken as m = 0 [17] . The symmetric modes in an isotropic cylinder are indicated in Table 3 . Table 3 . Symmetric modes in isotropic cylinder, n z = 0, n r = 0
In order to investigate the effect of material distribution profile in the case of symmetrical modes, some selected mode shapes are computed for comparison, are shown in Tables 4 and 5 . Three longitudinal-radial mode shapes corresponding to m = 0 for different values of radial power exponent and zero axial power exponent are shown in Table 4 . As the radial power exponent increases, the curvature in symmetric mode shapes decreases. It is more significant on the inner surface of the cylinder. Longitudinal-radial symmetric mode shapes, corresponding to m = 0 for different non-zero values of radial and axial power exponents are shown in Table 5 . It can be seen, that the influence of the constituent volume fractions on the symmetric mode shapes configuration is more significant on the inner surface and bottom edge of the cylinder. On the other radial power exponent has a more considerable effect.
Mode shapes are according to the classification of the modes of thick cylinders used by Wang and Williams [15] .
Axial bending modes; in which the circumferential cross section segments bend oppositely in the axial direction, Radial motion with radial shearing modes; that for this kind the cylinder no longer retains a constant cross sectional along its length, Circumferential; in these modes adjacent segmental Table 4 . Symmetric modes (m = 0) for various radial power law exponents in 1D-FGM cylinder elements expand or contract one by one in the circumferential direction. The median circumferential length of an expanding segment becomes longer and the length of the contracting segment becomes shorter and Global modes; for these modes the thick cylinder can be considered to behave as a simple beam vibrating in a transverse direction, a bar vibrating in torsion, or as a rod vibrating in a longitudinal direction. Although, displacements of each nodes of the cylinder are calculated, because more clear illustration just some cross sections of the cylinder on inner and outer radii are shown. The variations of the natural dimensionless frequencies parameter with the circumferential wave numbers, m for different values of radial power exponent, while the axial power exponent n z = 0 is shown in Fig. 2 . It is clear, that effect of variation of radial power exponent is more considerable for higher natural frequencies. Effect of variation of axial power exponent for natural frequency is Table 5 . Symmetric modes (m = 0) for various power law exponents in 2D-FGM cylinder considered in Fig. 3 . It is clear, that effect of axial power exponent on the natural frequencies is insignificant, when the radial power exponent is zero. Variation of natural frequencies with circumferential wave number for different values of axial power exponent, while the radial power exponent is not zero (n r = 2) is shown in Fig. 4 . The influence of the value of n z can be seen from this figure. It is clear, as n z increased, the natural frequencies increased, the natural frequencies and the mode shapes of different kinds of modes vary with changing material distribution profile.
Conclusion
A study on the free vibration of simply supported thick hollow cylinder with finite length made of 2D-FGM is presented, based on the three dimensional mode shapes. Material properties are graded in the thickness and longitudinal directions of the cylinder according to a volume fraction power law distribution. The equations of motion are based on three-dimensional elasticity theory and graded finite element method, which has some advantages to the 
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